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What have we done?

The story so far:
• Lecture 1: We are revisiting the foundations of logic to base it on

reasoning/inference/proof rather than truth.

• Lecture 2: Prawitz gave a notion of ‘validity’ of proofs based on the idea that
Gentzen’s introduction rules ‘define’ their connectives.

• Lecture 3: This notion of validity corresponds to general inquisitive logic.

Using the
elimination rules instead recovers intuitionistic logic.1

1There is lots of computational content here! And more to explore...
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Proof-theoretic Semantics

There are two projects within proof-theoretic semantics:

• provide a semantics of proofs
• provide a semantics in terms of proofs

There are several well-established thoughts in logic that can fall under these projects.
For example, realizability semantics may be thought of as a semantics in terms of proofs
(realizers).
We considered a certain approach known as base-extension semantics.
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Base-extension Semantics

Definition (Support)
Fix a basis B and let B ∈ B be a base:

⊩B P iff B̀ P (At)
⊩B φ ∧ ψ iff ⊩B φ and ⊩B ψ (∧)
⊩B φ ∨ ψ iff ∀C ⊇ B, ∀P, if φ ⊩C P and ψ ⊩C P, then ⊩C P (∨)
⊩B ⊥ iff ⊩B P for any atom P (⊥)

⊩B φ→ ψ iff φ ⊩B ψ (→)

⊩B ∀xφ iff ⊩B φ[x 7→ a] for any a ∈ C (∀)
∆ ⊩B φ iff ∀C ⊇B B, if ⊩C ψ for all ψ ∈ ∆, then ⊩C φ (Inf)
Γ ⊩φ iff Γ ⊩B φ for all B ∈ B
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Soundness and Completeness

Theorem (Sandqvist 2015)
If B = B2 (i.e., all second-level atomic systems), then ⊩φ iff φ is a theorem of
intuitionistic logic.

The proof of soundness — that is, if φ is provable in intuitionistic logic, then ⊩φ — is
quite standard.
The proof of completeness — that is, if ⊩φ, then φ is provable in intuitionistic logic — is
quite special.
It is mathematically elementary and constructive.
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A fundamental problem in philosophy

Originally, logic was developed as metamathematics.

Frege was a realist, which led him to
develop classical logic.
The anti-realist school of thought (subsuming constructivism) rejects ideas of absolute
truth...
And yet, classical logic really seems to work.
In The Justification of Deduction (1978), Dummett writes:

In the resolution of the conflict between [the view that generally accepted classical
modes of inference ought to be theoretically accommodated, and the demand
that any such accommodation be achieved without recourse to bivalence] lies, as
I see it, one of the most fundamental and intractable problems in the theory of
meaning; indeed, in all philosophy.

While we have managed to give a proof-theoretic semantics for intuitionistic logic, what
about classical logic?
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Truth-functional Semantics
Classical logic is typically read in terms of truth tables:

A B A ∧ B
T T T
T F F
F T F
F F F

A B A ∨ B
T T T
T F T
F T T
F F F

A B A → B
T T T
T F F
F T T
F F T

This forms a semantics as follows:
Definition (Valuation)
A valuation is a function v : A → {0, 1} extended to formulae using the truth tables.

Definition (Validity)
Γ |=′ φ iff, for any valuation v, if v(ψ) = 1 for ψ ∈ Γ, then v(φ) = 1.

10 / 26



Truth-functional Semantics
Classical logic is typically read in terms of truth tables:

A B A ∧ B
T T T
T F F
F T F
F F F

A B A ∨ B
T T T
T F T
F T T
F F F

A B A → B
T T T
T F F
F T T
F F T

This forms a semantics as follows:
Definition (Valuation)
A valuation is a function v : A → {0, 1} extended to formulae using the truth tables.

Definition (Validity)
Γ |=′ φ iff, for any valuation v, if v(ψ) = 1 for ψ ∈ Γ, then v(φ) = 1.

10 / 26



Truth-functional Semantics
Classical logic is typically read in terms of truth tables:

A B A ∧ B
T T T
T F F
F T F
F F F

A B A ∨ B
T T T
T F T
F T T
F F F

A B A → B
T T T
T F F
F T T
F F T

This forms a semantics as follows:
Definition (Valuation)
A valuation is a function v : A → {0, 1} extended to formulae using the truth tables.

Definition (Validity)
Γ |=′ φ iff, for any valuation v, if v(ψ) = 1 for ψ ∈ Γ, then v(φ) = 1.

10 / 26



Proof-theoretic Semantics?

Essentially, classical logic is intuitionistic logic together with bivalence — the idea that
there are only two valencies, true and false.

We often operate relative to this assumption without thinking about it.

Definition (Natural Deduction System NK)

φ ψ

φ ∧ ψ ∧I φ ∧ ψ
φ ∧1

E
φ ∧ ψ
ψ

∧2
E

[φ]
ψ

φ→ ψ
→I ⊥

φ EFQ

φ

φ ∨ ψ ∨1
I

ψ

φ ∨ ψ ∨2
I

φ ∨ ψ
[φ]
χ

[ψ]
χ

χ ∨E
φ φ→ ψ

ψ
→E

[¬φ]
⊥
φ RAA
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Classical logic without Bivalence

Recall B1 is the set of atomic systems with (at most) first-level rules:

C
P1 ... Pn

C

In Classical logic without Bivalence (2009)2, Sandqvist announced that if we restrict to
B1, then support (⊩) defines classical logic.

2A digested result from his 2005 thesis An Inferentialist Interpretation of Classical Logic (Uppsala
University)
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Wait what?

Let ⊩be the support relation with the non-naïve treatment of disjunction.

We have two major results:

Theorem (Sandqvist 2005, 2009; Stafford et al. 2025)
φ is a theorem of classical logic iff ⊩φ over B1.

Theorem (Sandqvist 2015)
φ is a theorem of intuitionistic logic iff ⊩φ over B2.

Open Problem
Why B1 expresses classicality and B2 expresses intuitionism is unknown and bewildering.
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Makinson
In On an Inferential Semantics for Classical Logic (2014), Makinson related
base-extension semantics (⊩) and truth-functional semantics (|=′).

Definition (Maxiconsistent Base)
A base B̄ is maxiconsistent iff it is consistent — that is, for some P, it is not the case
that `B̄ P — and it is maximal with respect to set-inclusion with this property — that is,
any C ⊋ B̄ is inconsistent.

Idea! There is a tight correspondence between maxiconsistent bases and valuations,

v(φ) = 1 iff ⊩B̄v φ

Lemma (Makinson 2014)
If 6 B̀ A, then there is a maxiconsistent base B̄ ⊇ B such that 6`B̄ A.
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Makinson’s Proof of Completeness

Theorem
If ⊩φ, then |=′ φ.

Proof.
We show the contrapositive: if 6|=′ φ, then 6⊩φ. If 6|=′ φ, then let v be a valuation such
that v(φ) = 0. It must be that there is B ∈ A such that v(B) = 0. Let M be the base
with the following rules where v(P) = 1 and v(Q) = 0:

P
Q
B

Observe 6 M̀ B. Therefore, there is M̄ ⊇ M maxiconsistent such that 6`M̄ B. It is easy to
see that M̀ P iff `M̄ P for any P ∈ A. Therefore, `M̄ P iff v(P) = 1 for any P ∈ A. It is
easy to see: `M̄ ψ iff v(ψ) = 1 for any formula ψ. Hence, 6⊩B φ. Whence, 6⊩φ, as
required.
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Remarks on Completeness

The motivation for the B-eS of classical logic was to somehow justify the ‘classical models
of inference’.

Makinson’s proof is clear but uses the very laws we are supposed to be justifying (i.e., the
law of the excluded middle).
Sandqvist’s proof requires a lot of setting up before being delivered. (But it is
constructive as desired).
What about having a ‘simulation’ proof of completeness? The problem is implication:

[φ]
ψ

φ→ ψ

We have to simulate it by a first-level rule... In Proof-theoretic Semantics for First-order
Logic (2025), Gheorghiu delivered such a simulation proof.3

3Hint: Simulate Hilbert Calculi!
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Modal Logic

A well-studied area of logic is modal logic.

A modal is an expression that is used to qualify a judgement (e.g., ‘necessarily true’,
‘ought to be true’, and so on).
In logic, we usually use □ and ♢ to denote modalities read ‘necessarily’ and ‘possibly’.
We may make different assumptions about the behaviour of these modalities:

• If something is necessary, then it is the case — □P → P (T)
• If something is necessary, then it is necessarily necessary — □P → □□P (4)
• If something is possible, then it is necessarily possible — ♢P → □♢P (5)

As to which of these axioms to accept, seek spiritual guidance from your nearest
philosopher.
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Kripke Semantics
In Semantical Analysis of Modal Logic (1963; 1965), Kripke generalized the
truth-functional semantics of classical logic to give a systematic account of the semantics
of these logics.

Definition (Model)
A model is a tuple 〈W,R, I〉 in which W is a set (of worlds), R is a binary relation on W
and I : A → ℘(W).

Satisfaction is defined as follows:

M,w |= A iff w ∈ I(A)
M,w |= ⊥ never
M,w |= φ→ ψ iff M,w 6|= φ or M,w |= ψ
M,w |= □ψ iff for any v, if Rwv, then M, v |= ψ
M,w |= ♢ψ iff for some v, Rwv and M, v |= ψ
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Frame Conditions

We define validity by satisfaction in all models:

|= φ iff M |= φ for all models M

Depending on our assumptions, we may restrict models to have certain properties:

• Assuming T, models have to be reflexive — Rww for all w ∈ W

• Assuming 4, models have to be transitive — if Rwv and Rvu, then Rwu
• Assuming 5, models have to be Euclidean — if Rwu and Rwv, then Ruv

These logics always satisfy the following distributive condition (K):

□(P → Q) → (□P → □Q)
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Kripke Semantics for Intuitionistic Logic
In Semantical Analysis of Intuitionistic Logic (1965), Kripke also gave a semantics for
intuitionistic logic in this style.

Definition (Intuitionistic Model)
An intuitionistic model is a tuple 〈W,R, I〉 such that R is reflexive and transitive, and I is
persistent — that is,

if Rwv, then I(w) ⊆ I(v)

This enables intuitionistic logic to have a ‘knowledge acquisition’ reading — we defer to
Elements of Intuitionism (2000) by Dummett for more information.

Definition (Validity)
A formula φ is valid relative to a context Γ iff every model of Γ is a model of φ — that is,

Γ |= φ iff for any intuitionistic model M,w, if M,w |= ψ for ψ ∈ Γ, then M,w |= φ
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Intuitionistic Satisfaction
Kripke uses the following clauses for the semantics:

M,w |= P iff P ∈ I(w)
M,w |= φ ∧ ψ iff M,w |= φ and M,w |= ψ
M,w |= φ ∨ ψ iff M,w |= φ or M,w |= ψ
M,w |= ⊥ never
M,w |= φ→ ψ iff for any v, if Rwv and M, v |= φ, then M, v |= ψ

Compare this to Piecha et al.’s semantics:
⊩B P iff B̀ P
⊩B φ ∧ ψ iff ⊩B φ and ⊩B ψ
⊩B φ ∨ ψ iff ⊩B φ or ⊩B ψ
⊩B ⊥ iff ⊩B P for any atom P
⊩B φ→ ψ iff for any C , if C ⊇B B and ⊩C φ, then ⊩C ψ

Despite their similarities, intuitionistic logic is complete with respect to the former but
not the latter.
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Alternative Kripke Semantics

Recall also that Sandqvist 2015 gave a complete semantics by modifying disjunction:

⊩B φ ∨ ψ iff for any C such that C ⊇B B, and any atom P,
⊩C (φ→ P) → (ψ → P) → P

What if we used these clauses in the Kripke semantics? That is, we define:

M,w |=′ P iff P ∈ I(w)
M,w |=′ φ ∧ ψ iff M,w |=′ φ and M,w |=′ ψ
M,w |=′ φ ∨ ψ iff for any v such that Rwv, and any atom P,

M, v |=′ (φ→ P) → (ψ → P) → P
M,w |=′ ⊥ iff M,w |=′ P for any atom P
M,w |=′ φ→ ψ iff for any v, if Rwv and M, v |=′ φ, then M, v |=′ ψ

Does this now determine an alternative Kripke semantics for intuitionistic logic?
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Equivalence

Theorem
Γ |=′ φ iff Γ ⊩φ.

Proof.
(LHS ⇒ RHS) The idea is that bases form an intuitionistic model, S := 〈B,⊆B, I〉,
where I(B) := {P ∈ A | B̀ P}. Completeness follows easily:

Γ |=′ φ iff for any M,w, if M,w |=′ ψ for all ψ ∈ Γ, then M,w |=′ φ
implies for any B ∈ B, if S,B |=′ ψ for all ψ ∈ Γ, then S,B |=′ φ

iff for any B ∈ B, if ⊩B ψ for all ψ ∈ Γ, then ⊩B φ
iff Γ ⊩φ

(RHS ⇒ LHS). We know Γ ⊩φ implies that there is an NJ-derivation of φ from Γ. Using
standard techniques for soundness, it is routine to show that if there is an NJ-derivation
of φ from Γ, then Γ |=′ φ.
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Local Divergence
So |=′ and |= are globally equivalent — that is, Γ |=′ φ iff Γ |= φ.

That does not mean they agree all the time!

Lemma
There is an intuitionistic model M,w and a formula φ such that M,w 6|= φ but
M,w |=′ φ.

Proof.
Ta-da!

u woo // v
{p} ∅ {q}

That is, M := 〈{w, u, v}, {(w, u), (w, v)}, I〉, where I(p) = {u}, I(q) = {v}, I(r) = ∅ for
r 6∈ {p, q}. We leave it as an exercise to the reader to show that M,w 6|= p ∨ q and
M,w |=′ p ∨ q.
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